Several sigmoidal functions (logistic, Gompertz, Richards, Schnute, and Stannard) were compared to describe a bacterial growth curve. They were compared statistically by using the model of Schnute, which is a comprehensive model, encompassing all other models. The t test and the F test were used. With the t test, confidence intervals for parameters can be calculated and can be used to distinguish between models. In the F test, the lack of fit of the models is compared with the measuring error. Moreover, the models were compared with respect to their ease of use. All sigmoidal functions were modified so that they contained biologically relevant parameters. The models of Richards, Schnute, and Stannard appeared to be basically the same equation. In the cases tested, the modified Gompertz equation was statistically sufficient to describe the growth data of Lactobacillus plantarum and was easy to use.
Predictive modeling is a promising field of food microbiology. Models are used to describe the behavior of microorganisms under different physical or chemical conditions such as temperature, pH, and water activity. These models allow the prediction of microbial safety or shelf life of products, the detection of critical parts of the production and distribution process, and the optimization of production and distribution chains. In order to build these models, growth has to be measured and modeled. Bacterial growth often shows a phase in which the specific growth rate starts at a value of zero and then accelerates to a maximal value (um) in a certain period of time, resulting in a lag time (A). In addition, growth curves contain a final phase in which the rate decreases and finally reaches zero, so that an asymptote (A) is reached. When the growth curve is defined as the logarithm of the number of organisms plotted against time, these growth rate changes result in a sigmoidal curve (Fig. 1) , with a lag phase just after t = 0 followed by an exponential phase and then by a stationary phase.
Growth curves are found in a wide range of disciplines, such as fishery research, crop science, and biology. Most living matter grows with successive lag, growth, and asymptotic phases; examples of quantities that follow such growth curves are the length or mass of a human, a potato, or a fish and the extent of a population of fish or microorganisms. In addition, these sigmoidal curves are used in medical science for dose-mortality relations.
To describe such a curve and to reduce measured data to a limited number of interesting parameters, investigators need adequate models. A number of growth models are found in the literature, such as the models of Gompertz (7), Richards (14) , Stannard et al. (17) , Schnute (16) , and the logistic model and others (15 (Table 1) . These models describe the number of organisms (N) or the logarithm of the number of organisms [log(N)] as a function of time.
The motivation for the decision to use a given model is usually not stated. Only Gibson et al. (5) found better results by a fitting procedure with the Gompertz model when they compared that model with the logistic model. A large number of models as given in Table 1 are used, all more or less complicated and with different numnbers of parameters. It can be expected that a difference in the results of the models for our application exists. Besides, the models are not written in terms of growth rate, lag time, and asymptotic value, which makes interpretation of the parameter values difficult.
The objective of this work is to evaluate similarities and differences between the models and to deal with the question of which model(s) can be used, on the basis of statistical reasoning. The models are rewritten in such a way that they contain parameters that are microbiologically relevant. (2) log(N) Gompertz Broughall et al. (3) log(N) Linear regression Einarsson and Eriksson (4) log(N) Logistic, polynominal Gibson et al. (5) log(N) Logistic, Gompertz Gibson et al. (6) log(N) Gompertz Griffiths and Phillips (8) log(N)? Stannard Jason (9) N Logistic Mackey and Kerridge (10) N Gompertz Phillips and Griffiths (12) log(N)? Stannard Stannard et al. (17) log(N) ? Stannard To obtain the inflection point of the curve, the second derivative of the function with respect to t is calculated:
At the inflection point, where t = ti, the second derivative is equal to zero: THEORY Description of the bacterial growth curve. Since bacteria grow exponentially, it is often useful to plot the logarithm of the relative population size [y = ln(NIN0)] against time (Fig.  1) . The three phases of the growth curve can be described by three parameters: the maximum specific growth rate, PUm' is defined as the tangent in the inflection point; the lag time, X (4) Now an expression for the maximum specific growth rate can be derived by calculating the first derivative at the inflection point. 
The lag time is defined as the t-axis intercept of the tangent through the inflection point: 
The parameter b in the Gompertz equation can be substituted by: The models with four parameters also contain a shape parameter (v). Table 2 shows the results for all equations used in this article.
The modified Stannard equation appears to be the same as the modified Richards equation. The parameters a and b in the Schnute equation are retained in the modified Schnute equation because they may be used for model selection (Table 3) Fitting of the data. The nonlinear equations were fitted to growth data by nonlinear regression with a Marquardt algorithm (11, 13) . This is a search method to minimize the sum of the squares of the differences between the predicted and measured values. The program automatically calculates starting values by searching for the steepest ascent of the curve between four datum points (estimation of Um), by intersecting this line with the x axis (estimation of X), and by taking the final datum point as estimation for the asymptote (A). The algorithm then calculates the set of parameters with the lowest residual sum of squares (RSS) (Table 3) .
F test. The logistic, Gompertz, Richards, and Schnute models were used to fit the data, and the RSS was calculated. Under the assumption that the four-parameter Schnute model exactly predicts the number of organisms, the RSS of the Schnute model was taken as an estimate of the measuring error. Whether a three-parameter model would be sufficient to describe the data could then be validated with an F test. In this test, the difference between the RSS values for the three-and four-parameter models was compared to the RSS of the four-parameter model. The difference in RSS of the three-and the four-parameter models is the profit we get from adding one parameter. If this profit is much smaller than the measuring error, as determined from the four-parameter model, adding the extra parameter is not worthwhile, as it would not be observable. If, however, this profit is much greater than the measuring error, it is worthwhile to add the extra parameter. The following is then calculated: Growth data of Candida parapsilosis, Pseudomonas putida, Enterobacter agglomerans, a Nocardia sp., Salmonella heidelberg, Staphylococcus aureus, and Listeria monocytogenes were kindly provided by J. P. M. Smelt, C. J. M. Winkelmolen, P. Breeuwer, and F. G. C. T. Sommerdijk.
RESULTS
All of the models visually gave reasonably good fits of the data ( Fig. 2 and 3, for example) . In some cases, the Schnute and Richards models gave some problems with the fitting because the parameter estimates came in an area where the function predicted such a large value that an overflow error resulted. The Gompertz and logistic models never gave problems with fitting. In all cases, the RSS values for the Richards and Schnute models were the same, which was expected because the models are basically the same.
Plate count data for L. plantarum. In Table 4 , the results of the parameter estimation for 40 sets of data are reported. In this table, the temperature at which the experiment was conducted is given. With the use of the Student t test value, the 95% confidence intervals for the parameters a and b were calculated. The lower 95% confidence limit of the parameter a is given in Table 4 to determine whether a = 0 is within the confidence interval. Furthermore, the 95% confidence limits for b are given. Comparing the confidence intervals in Table  4 for b with Table 3 results in Table 5 . In Table 3 (Tables 6 and 7) . With these data, the Gompertz model was ichards models are compared.
accepted in 70% of the cases by the t test (b = 0 within the Gompertz model (Fig. 4 and 5) , the differconfidence interval) and in 67% of the cases by the F test. In addition, the RSS values of the Gompertz, logistic, and Richards models are given in Table 4 . The RSS values for the four-parameter models were always lower than the RSS values for the three-parameter models. In only three cases, the logistic model gave a lower RSS value than the Gompertz model (Table 4 ; Fig. 6 ), but in these cases the Gompertz model still fitted the data acceptably.
In Fig. 7 To reduce the measured data to interesting parameters such as the growth rate, it is recommended that the data be described with a model instead of by using linear regression over a subset of the data. Sigmoidal models to describe the growth data can be constructed with three or four parameters.
We compared several models statistically and found that, In a number of cases, the four-parameter Schnute model was statistically better than the Gompertz model (P. putida and E. agglomerans). These growth curves contained a very large number of datum points (34 to 38), and with such a large number of datum points the difference in degrees of freedom between three-and four-parameter models is not important (with 34 datum points: 31 degrees of freedom for Gompertz or 30 degrees of freedom for Richards). For the other organisms (C. parapsilosis and S. aureus), the Gompertz model was accepted in most cases. For the growth curves of the Nocardia sp., Salmonella heidelberg, and Listeria monocytogenes, the Gompertz model was accepted in all the cases, but only one curve for these organisms was used.
The three-parameter models gave no difficulties in finding the least-square parameters. In almost all the cases, the Gompertz model can be regarded as the best model to describe the growth data. If a three-parameter model is sufficient to describe the data, it is recommended over a four-parameter model because the three-parameter model is simpler and therefore easier to use and because the threeparameter solution is more stable since the parameters are less correlated. Moreover, when a three-parameter model is used, the estimates have more degrees of freedom, which can be important when a growth curve with a small number of measured points is used. Furthermore, it is very important that all three parameters can be given a biological meaning.
The fourth parameter in the four-parameter models is a shape parameter and is difficult to explain biologically.
In a number of cases (especially when a large number of datum points are collected), a four-parameter model can be significantly better; therefore, it is recommended that the procedure given in this paper be carried out with a number of sets of data in order to find out the best model to describe the specific sets of data.
